In an asymmetric multislit interference experiment, a quanton is more likely to pass through certain slits than some others. In such a situation one may be able to predict which slit a quanton is more likely to go through, even without using any path-detecting device. This allows one to talk of path predictability. It has been shown earlier that for a two-slit interference, the predictability and fringe visibility are constrained by the inequality P 2 + V 2 ≤ 1. Generalizing this relation to the case of more than two slits is still an unsolved problem. A new definition for predictability for multi-slit interference is introduced. It is shown that this predictability and quantum coherence follow a duality relation P 2 + C 2 ≤ 1, which saturates for all pure states. For the case of two slits, this relation reduces to the previously known one.
INTRODUCTION
Bohr's principle of complementarity [1] , also commonly referred to as wave-particle duality, has been under research attention for over several decades. The first attempt to state it in quantitative manner was made by Wootters and Zurek [2] where they analyzed the effect of introducing a path-detecting device in a two-slit interference experiment. This work was later extended by Englert who derived a wave-particle duality relation [3] 
where D is path distinguishability, a measure of the particle nature, and V the visibility of interference, a measure of wave nature. This inequality is saturated for all pure states. This kind of wave-particle duality has also been studied using various other approaches [4, 5] . However, there is another way in which the issue of wave-particle duality has been extensively studied, without introducing a which-way measuring, or pathdetecting device. The idea is that if the two paths, corresponding to the quanton passing through the two slits, have a priori different probabilities, one could predict which of the two paths the quanton might have taken, with a success which is more than a fifty percent random guess. This line of thought was pioneered by Greenberger and Yasin [6] , and followed up by Jaeger, Shimoni and Vaidmann [7] , which result in a different kind of duality relation
where P is a path-predictability, and V the visibility of interference. If one can predict the path of the quanton in a nontrivial manner, one can argue that there is a certain degree of particle nature associated with the quanton. The fringe visibility quantifies its wave nature, as in the previous case. The inequality (5) has also been referred to as wave-particle duality relation, but it is very different from (1) , and corresponds to a completely different scenario.
The duality relation of the first kind (1) has also been generalized to the case of interference involving more than two slits [8] [9] [10] [11] [12] . Jaeger, Shimoni and Vaidmann, at the end of their paper [7] , had proposed that the duality relation involving path predictability, should be extendable to the case of n slits. There has been substantial effort towards generalizing the duality relation involving path predictability to the multi-slit case, but no satisfactory result has been obtained yet [13] [14] [15] . This is the question we have addressed in this work.
WAVE-PARTICLE DUALITY IN N-SLIT INTERFERENCE
Dürr carried out a detailed analysis of predictability and visibility for multi-path interference, and proposed some general criteria which any new measure of predictability and visibility should satisfy [13] . One notable point of Dürr's analysis was that he believed that any new duality relation should become an equality for all pure states. Englert took a slightly different approach which relaxed the criterion that the duality relation be saturated for all pure states [15] .
Wave nature: generalized visibility
The first step is to introduced a new generalized visibility which would be suitable for a n-path interference. It has been argued before that a recently introduced measure of quantum coherence, in context of quantum information theory, can be a good measure of wave nature [9] . The normalized coherence is defined as [9] 
where ρ jk are the matrix elements of the density operator of the quanton in a particular basis. This coherence is based on the coherence measure introduced by Baumgratz, Cramer, Plenio in a seminal paper [16] . In the context of multi-path interference, the basis states are the states of the quanton corresponding to its passing through various slits. It has been further demonstrated that this coherence can be experimentally measured in a multi-slit interference experiment [17] . Coherence C also satisfies Dürr's criteria for a good visibility [17] . This makes coherence C as a good candidate for the generalized visibility. It is interesting to compare C with the generalized visibility introduced by Dürr [ 
As one can see, Dürr's visibility is very close to C. For the case of two slits (n 2), both C and Dürr's V reduce to the visibility defined by Greenberger and Yasin, i.e., V 2|ρ 12 | [6].
Particle nature: path predictability
Next we move on to defining the path predictability for n-path interference. We start by looking at Greenberger and Yasin's path predictability for two slits [7]
It may be noted that if the second term in the square root in the above equation is written as ( j k √ ρ j j √ ρ k k ) 2 , the factor of 4 emerges naturally. Taking cue from this, we introduce the following path predictability for the case of n paths,
where the factor 1 n−1 has been introduced to normalize the second term inside the square root. For n 2, (6) reduces to (5) .
We list below, Dürr's criteria for a good predictability [13] :
(1) P should be a continuous function of the probabilities ρ j j .
(2) If we know the quanton's way for sure (i.e., ρ j j 1 for one beam, implying ρ j j 0 for all other beams), P should reach its global maximum.
(3) If all ways are equally likely (i.e., all ρ j j 1/n), P should reach its global minimum. (4) Any change toward equalization of the probabilities ρ 11 , ρ 22 , . . . , ρ nn should decrease P. Thus if ρ 11 < ρ 22 and increase ρ 11 , decreasing ρ 22 an equal amount so that ρ 11 and ρ 22 are more nearly equal, then P should decrease. Now (6) represents a continuous function of various probabilities ρ ii . If (say) ρ ii 1, and the rest are zero, then (6) yields P 1. For ρ ii 1/n for all i, (6) yields P 0. For the 4th condition, let us assume ρ 11 < ρ 22 and we increase √ ρ 11 by ǫ and decrease √ ρ 22 by ǫ (which amounts to increasing ρ 11 and decreasing ρ 22 by unequal amounts). The changed predictability is
Since ǫ is assumed to be smaller than √ ρ 22 − √ ρ 11 , P ′ < P, and condition 4 is also satisfied by (6) . Hence (6) satisfies all of Dürr's criteria for a good predictability.
Wave-particle duality
With our definitions of path predictability and generalized visibility, or coherence, in place, we move on to finding the bound that the two together should satisfy. Using (3) and (6), we can write
Let us concentrate on a principal 2x2 sub-matrix of ρ given by ρ j j ρ jk ρ k j ρ k k . This matrix is positive semi-definite, and for any such matrix |ρ jk | ≤ √ ρ j j ρ k k [18] . Using this result, we can argue that for the two sums in the rhs of (8), the number of terms in each are the same, and each term in the first sum is greater than or equal to the corresponding term in the second sum. Consequently, the first sum is greater than or equal to the second sum. Hence the rhs of (8) is less than or equal to 1. Thus we can write the inequality
This is a new wave-particle duality relation involving path predictability and quantum coherence. Let us consider a quanton in a pure state |ψ n j 1
where |ψ j are the states corresponding to the particle following the j'th path. Thus the states {|ψ j } are mutually orthogonal and normalized. For this pure states, the density matrix elements are given by ρ j j |c j | 2 , |ρ jk | |c j ||c k |. For this case
and the duality relation (9) becomes an equality
Thus (9) represents a wave-particle duality relation for n-path interference, which saturates for all pure quanton states.
CONCLUSION
We have introduced a new definition of path predictability of a quanton in a n-path interference. We have shown that this new path predictability and quantum coherence follow an inequality P 2 + C 2 ≤ 1. This inequality is saturated by all pure quanton states. This should be considered a new wave-particle duality relation for n-path interference. For the special case of two slits, this relation reduces to Greenberger and Yasin's well known relation.
